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It is shown that in very metrizable infinite-dimensional convex set C which is a countable union 
of finite-dimensional compacta all compacta are Z-sets. As an application, some conditions are 
found in order for C to be homeomorphic to I{. 
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1. Introduction 
A closed subset A of a metric space X is a Z-set if all maps of n-cells into X 
can be arbitrary closely approximated by maps into X\A for all finite n. Equivalently, 
for X E ANR, the identity map on X can be strongly approximated by maps into 
X\A, [12]. We say that X has the compact Z-set property (see [4]) if all compacta 
of X are Z-sets. Our main objective is to prove that every infinite-dimensional 
metrizable a-fd-compact (countable union of finite-dimensional compacta) convex 
set C has the compact Z-set property. Since every separable metrizable convex 
subset of a topological vector space can be affinely embedded in a complete metric 
linear space [6], we may assume that C is contained in a complete metric linear 
space E. Proposition 3.1 of [S] settles the case where C, the closure of C in E, is 
not locally compact. Thus the remaining case arises when C is locally compact. 
We notice that the compact Z-set property holds not only for C but also for every 
u-compact convex set that contains no Hilbert cube. The latter restriction cannot 
in general be dropped even if one adds the nowhere-local compactness. The convex 
set 
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where W is a wild Cantor set (i.e., is not a Z-set) in the Hilbert cube Q = 
{(xi) E lz : Cy ( ixi)2 s I}, serves as a suitable example (see [ 51). 
In Section 3 we apply the compact Z-set property to show that 
C = Z$ = {(xi) E 1, : xi = 0 for almost all i} 
provided C E AR. It remains unknown of whether every locally compact convex set 
is an AR, consequently we do not know whether C = Zf in general. It turns out that 
C = Z$ iff all compacta of C are strong Z-sets. A closed set A c X is a strong Z-set 
if the identity map on X can be strongly approximated by maps S for which 
f(x)n A = 8. As shown in [2], the compact strong Z-set property for C is equivalent 
to the discrete approximation property. Employing Curtis’ concept of target-dense 
embeddings [4], we make an attempt to verify the discrete approximation property 
for C. This results in some conditions implying C E I{. 
We complete the paper with an observation that the convex hull of a wild compact 
subset K of the Hilbert cube Q must contain a Hilbert cube itself. 
Throughout this paper C denotes an injinite-dimensional, u-fd-compact, convex 
subset of a complete metric linear space E. 
2. Main result 
Theorem 1. C has the compact Z-set property. 
As every compact Z-set in C is also a Z-set in C, we obtain 
Corollary 1. C is a a-Z-set (i.e., a countable union of Z-sets) in C?. 
Let us note that, the assertion of Theorem 1 was shown in [5] under the additional 
assumption that C is contained in a a-fd-compact linear subspace of E. The latter 
assumption, however, does not hold in general. This is shown by the following: 
Example(R. Pol). Embed [0, l] as a linearly independent subset of Z2 x (0) in Z2 x 12, 
and let 4 : [0, l] + (0) x Z2 c Z2 x Z2 be a map onto a copy of a Hilbert cube. Write 
P=conv({(x, 4(x)): O~x~l}n{(x,O): 0 ~x~l})~Z,xI,. It may be verified that 
P is a-fd-compact. Clearly P- P={p, -p2: pI,p2c P} contains ((0, 4(x)): 0s~~ 
l}, a Hilbert cube. Consequently span P is not cT-fd-compact. More generally, the 
set P cannot be affinely embedded in any a-fd-compact topological vector space. 
Before we give a proof of Theorem 1, let us recall some basic facts on convex 
subsets in (nonlocally convex) metric linear spaces. We shall consider E (and C) 
with a translation-invariant metric d induced by an F-norm 1.1 on E. We shall 
assume that 1.1 is strictly inreasing on each ray emanating from the origin 0 E E 
(equivalently: 1 tx( < 1x1 f or every 0 # x E E and all 0 < t < 1). It is easily seen that 
every ball U(x) in E is star-shaped with respect to its center x. Since C is convex, 
T. Dobrowolski / The compact Z-set property 16.5 
each ball U(x) n C in C(x E C) is also star-shaped. Consequently, C admits a base 
of contractible open sets. A theorem of Haver [9] ensures that C E AR. In general, 
if X E ANR has a base of homotopically trivial open sets, then a closed subset A 
of X is a Z-set if U\A is nonempty and homotopically trivial for every homotopically 
trivial neighborhood U in X, see [12]. Moreover, for such X, the following sim- 
plification is due to Kroonenberg [lo] (see also [12]): A is a Z-set in X zTthere is 
a base % of homotopically trivial sets open in X such that for every U E “u 
(a) U\A is homologically trivial, and 
(b) U\A is nonempty and both path-connected and simply-connected 
Proof of Theorem 1. Let K be a compact subset of C. Since every complete set 
which is a countable union of Z-sets is a Z-set itself [5], we may assume that K is 
finite-dimensional. This easily yields that K is nowhere dense in C. Thus, the family 
{ U(x) n C: x E C\K} constitutes a basis of contractible open balls in C. According 
to the above quoted result of Kroonenberg, the following lemmas will complete the 
proof of Theorem 1. 
Lemma 1. For every ball U = U(x) n C, x E C, U\K is homologically trivial. 
Lemma 2. For every ball U = U(x) n C, x E C\K, U\K is a nonemptypath-connected 
and simply-connected set. 
Proof of Lemma 1. (cf. [lo]). Let LY = 17 nisi be a k-cycle (ka 0). We shall show 
that the homology element [(Y] is zero in J&( U\K). To this end, pick a linearly 
independent subset {xi);” of C, such that, writing C, = C n,span{x, : i = 1,2, . . . , n} 
we have C = cl(uT C,,). Clearly, each map (Y~ can be arbitrarily closely approximated 
by maps Gi into some C,, (n depends on &). Since U is open and K is compact, 
we may choose Gi so that a segment homotopy joins czi with (Yi in U\K. Moreover, 
perturbing slightly each Lui, if necessary, we may require additionally that 
U~im(~~)cint(Un&,)=Y, with m>k+dim(K)+l. The interior is taken in 
span({xi: i=l,2,..., m}). Consider the cycle G =CT niG, in Y,,,\K. Since Y,,, is 
homeomorphic to a Euclidean space, by Alexander Duality we infer that [G] E 
&( Y,,,\K) = fi*-k-’ (K) = (0) because m - k - 1 > dim(K). Finally, since each (Y, 
is homotopic to Gi in U\K, both (Y and C-u represent the same homology element 
in fik( U\K), and hence [cu] =O. 0 
Proof of Lemma 2. Note that K disconnects no open ball U in C. (Supposing 
U n K # 0, U contains cells of arbitrarily large dimension which intersect K; see 
the proof of Lemma 1.) Consequently U\K is path-connected. Furthermore, writing 
C for the closure of C in E, we conclude by [12] that 
(1) for every o-fd-compact set A in C and every ball fi in C, fi\A is path- 
connected. 
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We now prove the second part of Lemma 2. We may assume that the center of 
U is the origin of E. Set C* = lJp nC c E. Clearly C* = [0, co] . C is a cr-fd-compact 
convex cone in E. Since U n C* is a first category set in fi, the open ball in c with 
fin C = U, by the Baire category theorem we infer that C” is residual in fi, i.e. 
(2) fi\C* is dense in fi 
Fix a loopf: [0, l] + U\K, i.e.,f(O) =f(l). First, we shall show thatfis homotopic 
to a constant map in fi\K. With E = dist(im(f), K u (C\ U)), let 0 = to< t, < * . . < 
t, = 1 be chosen so that 
(3) if ti_i s t G ti, then d(f(ti_i),f(t)) <a~ for i = 1,2,. . . , n. By (2) we choose 
qi E fi\C* with d(f(ti), qi) <QE with qo= q,,. Obviously d(q,_, , qi) (4~. Applying 
(1) we join qi_1 with qi in the ball fi(qi-,,$e) in c outside C*. This shows that 
there exists a map f with im( f) c fi\ C* and d(f, f) < E. A segment homotopy joins 
f with f in fi\K. Next, the map h,(t) = (1 -h)?(t) is a homotopy between f and 
a constant map in c\K (actually, h*(f)& C” for A < 1 and h,(t) = Or? K). Thus, f 
is homotopic to a constant map in fi\K. To finish the proof note that every map 
4 of a disc B into c with +(aB) c C can be arbitrarily closely approximated by 
maps 6 into C with +laB = &I?. El 
3. The question of homeomorphyc s l{ 
The assertion of Theorem 1 and results of [6, 7 and 81 make it possible to apply 
the skeleton technique from [5] to obtain the following fact concerning the topologi- 
cal classification of the pair (c, C). Note that, by virtue of [l, p. 1631, @ = 
{(xi) E Q: xi = 0 for almost all i} is homeomorphic to Ii. 
Theorem 2. Assume that c E AR. We have 
(i) if c is compact, then (c, C) = (0, Qf). 
(ii) $ C is locally compact and not compact, then either (c, C) = 
(Q x (0, l)“, Qf x (0,l)“) in the case where {x E c: [0, CO)X c c} is n-dimensional 
linear subspace ofE(we assume OEC), or (~,C)~-(QX[O,~),Q~X[O,~)) in the 
other case. 
(iii) if c is not locally compact, then (c, C) = (I,, 1;). 
By a result of Dugundji [l, p. 611, if E is locally convex then c E AR. In this 
case it is easily seen that C = If. In general, as it was pointed out in the introduction, 
the assumption that (? E AR must be made in order to infer that C = 1;. Let us note 
that, a result of [5] together with the compact Z-set property (Theoreml) imply the 
strong universal property of C for finite-dimensional compacta, [ 111. Hence, by 
Mogilski’s characterization of I{-topology [ 111, C s 1; iff all compacta (equivalently 
[2]: finite-dimensional compacta) are sfrong Z-sets in C. The latter property is 
equivalent [2] to the so-called discrete approximation property of C. 
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Write D(n) =@T=, Z” for the discrete union of n-dimensional cubes, n = 
1,2,... , CO. A metric space X satisfies the discrete n-cells property (discrete co-cells 
property=discrete approximation property) if, for each map f: D = D(n) + X and 
each &:X+(0,1) there exists a map g:D+X such the d(f(q),g(q))ss(f(q)), 
q E 0, and {g(Zp): i = 1,2,. . . } is discrete. Following Curtis [4], a space (X, d) is 
n-target densely (co-target densely=target densely) embedded in a space Y if, for 
every compact set K c Y, every map f: D = D(n) + X n K, and F > 0, there exists 
amap g:D+X such that d(f(q),g(q))<~, qED, andim(g)is acompact subset 
of X. Originally, the above condition required only that f have its range contained 
in K c Y (and hence the terminology was legitimate). However, in our setting X = C 
and Y = C and consequently every map f: I” + C can be closely approximated by 
maps into C. It is easy to see that X has the discrete approximation property [resp. 
X is target densely embedded in Y] if D(a), in the definitions of these properties, 
is replaced by I) = @RI I”. 
Proposition 1. Assume that C is locally compact. Zf C is n-target dense in C, then C 
has the discrete n-cells property, n = 1,2, . . , ~0. 
Proposition 2. C is n-target dense in C for all finite n. 
Proof of Proposition 2. Fix 8 > 0 and a compact set K c C. Pick an a/n + 1 -net - 
{Xl,-%,..., xk} c C of K. Let F= conv{x,, x2, _ . . , xk}. It is elementary to check 
that for each map f: I” + C n K, there exists f: I” + F such ) f -fl< E. Now, the 
assertion easily follows. 0 
Proof of Proposition 1. First of all, it is enough to show that given f: D = D(n) + C 
and E : C + (0,l) there exists g : D + C such that ) f (q) -g(q)] G c( f (q)), q E 0, and 
{g(Zr)} is locally finite (see e.g., [4]). Our first goal is to construct for a given 
6 : C + (0, 1) an auxiliary g : D + C with certain control on the accumulation points 
of {g(Zn)} and such that If(q)-g(q)]SS(f(q)), qcD. To this end let Dk= 
{q E D: S( f( q)) z= 2-k} and express C = lJp Kk, where Kk are compacta. Let Dk = 
f’(K,J, k= 1,2,3,. . . . We shall construct a sequence of maps {fk : D + C}, k = 
0,1,2 ,..., such that for ksl 
(I) fk = f Oil D\Dk+, and fk = fk_, On Bk-, = Dk_, n Dk-‘, 
(2) fk( Bk) c C and each fk(Dr) c C (p = 1,2, . . . ) are compacta, 
(3) Ifk(q)-fk_l(q)l<2Pk-’ for all qED. 
Inductive construction. Let f0 = f and suppose that fk-,( k 2 1) is known. It is easily 
seen that there is a neighborhood U of &-_l in D such that fk_,( U) is a compact 
subset of C. Moreover, since C is n-target dense in C there exists f: Dk + C, so 
that ]fkPI(q) -f(q)1 <2-k-1, q E Dk and z is a compact subset of C. Note that 
im f~ C n U, where U is an open ball such that C n U is compact. Since C n U E 
AR we may assume that 7 is defined on the whole D and irnf is contained in a 
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compact subset of C. Clearly, V = {q E D: I&,(q) -f(q)1 -=c 2-‘-l} is a neighborhood 
of Dk in D. We may assume that 0 c V. For q E D we set 
fk(q) =A(q)h-l(q)+(l -A(d)f(q), 
where A : D + [0, l] is a map such that A (&\ u = 0 and A 1 &_l u (D\( Vn &+l)) = 
satisfies condition (l), and l_&(q) -fk-l(q)i = 
;6i?d? -hf;d)f(d -h-:;;~, = ,(I -h(q))&,(q) -J‘(S)), <2-k-‘. To 
verify the condition (2), let s E &n I:cj, and i(j) -+=a. Then either {qj} has a 
subsequence {qP} contained in Bk\ U or all but finitely many {e} are contained in 
U. In both cases {fk(qp)} has a subsequence convergent to a point of {Ax+ 
(1- A)y: x EJ$-~( U), y E=}, a compact subset of C. A similar argument shows 
that each set fk(D’) is a compact subset of C. 
By (l), the map g = limfk : D+ C is well-defined. Furthermore, for each q E 
&\Bk_,, we have 
If(q) - g(q)1 = \&-2(q) -fk(q)( 
In what follows, we use the auxillary map g to construct g. 
Bu Corolary 1 and the fact that C E AR, Theorem 2.4 of [ 121 is applicable, and 
consequently there exists a map cp: C+ C\C such that [cp(x)-x]<;&(x) for all 
x E C. The continuity of cp implies that there exists a map 6 : C + (0,l) so that 
(x -yl< 6(y) implies Iv(x) - cp(y)J <4&(y). We set g = cpg. First of all, g: D-S= C\C 
and we have 
If(q) -g(q)1 c lf(4) - dIq)l+ M-(4) - cpcdq)l 
44fm+l4f(s)) = Q”(q)) 
The map g can be slightly perturbed so that its range is in C and both the set 
lim, sup g(1Y) c C and the above inequality is preserved. Assuming g : D-+ C, to 
show that {g( I:))} is locally finite in C, it is enough to check that for no sequence 
{qj}, q, E IyCj, and i(j) + ~0, g(qj) + x E C. To get a contradiction, let g(q,) -+ x. We 
may additionally assume that e is chosen in such a way that, if (xk) c C has no 
accumulation points in C, then &(xk) + 0. With this extra assumption, observe that 
{g(qj)} has an accumulation point in C. If it were not, then {g(qj)} would be 
unbounded, and consequently Ig(qj)-g(qj)l=lCpg(gj)-g(qj)l<E(g(qj))~O which 
contradicts g(qj) + x. We conclude that not only g(q,) + x but also we may assume 
that g( qj) + y E C. Moreover, note that { s(S( qj))} . is b ounded away from 0. Otherwise, 
the condition If(qj)-g(e)1 < s(f(qj)) assures that there exists a subsequence of 
{f(e)} converging to x, contradicting E(X) > 0. By the last observation, we infer 
that {qj} c & n Dk = Bk for some k. This, however, together with the fact that 
fk( Bk) c C is compact and that g(qj) =fk( q]), implies that y E C. We obtain x = cp(y> g 
C, a contradiction. 0 
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Combining Propositions 1 and 2 one obtains the discrete n-cells property of C 
for all finite n in the case that c is locally compact. The following is slightly stronger, 
and corresponds to a result of Bowers [3]. 
Theorem 3. For each map f: @;” K, + C of a discrete union offinite simplicial complexes 
and each map E: C+ (0,l) there exists a map g:@y K,+ Csuch that If(q)-g(q)1 s 
E(f(q), qE@yK, and for each integer p the collection {g(KjP’)}~“,, is discrete. 
Proof. The case where c is locally compact requires a repetition of the argument 
used in the proof of Proposition 2. A proof in this case is rather lengthy and will 
be omitted. 
If c is not locally compact, then C not only satisfies the required assertion but, 
more generally it has the discrete approximation property. This was stated in [5] 
without a proof. To prove it, let us assume that OE C and no neighborhood of 0 in 
c is compact. Then, no neighborhood of (0,O) in the cone C*= 
{(x, t) E E x [0, CO): XE tC} is totally bounded. By virtue of Lemma 1 of [7], 
C*\{ (0, 0)) = C x (1,~) has the discrete approximation property. Applying the 
following Lemma 3 we conclude that C also has the discrete approximation 
property. 0 
Lemma 3. Zf X x (1, co) has the discrete approximation property, then X also does. 
Proof. Endow Xx (1, co) with a metric d((x, t), (y, t)) = d(x, y)+jt-sl, where d is 
a metric on X. Fix maps f: D = D(oo) + X and E : X + (0,l). By our assumption 
there exists g(q) = (g(q), i(q)) such that d((f(q), 2), g(q)) = d(f(q), g(q))+ 
12- g(q)1 G e(f(q)), q E 0, and {g(lY)} is discrete. It is easily seen that, if qj E ZTji, 
and i(j) + ~0, then {g(q)} does not have an accumulation point in X. This shows 
that {g(l”)} is locally finite and the proof is completed. 0 
Theorem 3 reduces verifying the discrete approximation property to the following 
property (*)’ (which, at least formally, is weaker than the property (*) introduced 
in [3] by Bowers). A space X E ANR satisfies (*)’ if, for each map E : X + (0,l) 
there exists a locally finite countable complex K with maps p: X + K and v : K + X 
such that d( VP(X), x) s F(X), x E X, and each sequence { v(qj)} has no accumulation 
points provided qj E o, for any sequence {aj} of simplexes of K with dim uj 3 ~0. 
Theorem 4. C satisfies ( * )’ ifs C has the discrete approximation property. 
While the sufficiency part of Theorem 4 follows easily from the fact that C = 1; 
provided C has the discrete approximation property (cf. [3]), the necessity part is 
a direct consequence of Lemma 4 and Theorem 3. 
Lemma 4. Assume that X is a dense subspace of a locally compact space Y Zf X has 
the property described in Theorem 3 and satis$es (*)I, then X has the discrete 
approximation property. 
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Proof. (cf. [3]). Pick a map E : X + (0, 1) and let K, /.L and v be those postulated 
in ( * )‘. It suffices to show that for any tower ( Ki) of finite subcomplexes of K and 
the map f=@y v 1 Ki : @y Ki + X, there exists a map g :@T Ki + X such that 
d(f(q)), g(q) s E (J(q)), q E @y Ki, and {g( Ki)} forms a discrete collection. TO this 
end consider the set F = {y E Y: y = limj v(q,) for some qj E aj, dim Uj + a}. It is 
easy to see that F is closed subset of Y: moreover the condition ( * )’ yields F c Y\X. 
Now, we may additionally require E to satisfy 
(i) if xi E X, x, + y E F, then E(Xj) -+ 0, and 
(ii) if {xi} c X has no accumulation point in Y, then E(Xj) + 0. 
Let g:@yKi+X be a map such that d(f(q),g(q))~&(f(q)), qE$;OK, and 
{g(KiP’)} is discrete for each p. We claim that actually {g(Ki)} is discrete. For, let 
9j E ai dim uicjj + 03, be chosen so that g( qj) + x E X. Then, clearly either {f(qj)} 
has no accumulation points in Y or it has a subsequence converging to y E F. In 
either case, by (i) and (ii), it contradicts g(s) + x. 0 
The following summarizes the results of Proposition 1 and Theorem 4 (part (a) 
is a result of [5], whose proof is contained in the proof of Theorem 3). 
Corollary 2. In each of the following instances C is homeomorphic to 1;. 
(a) C is not locally compact 
(b) C is target dense in (I? 
(c) C satisfies the condition (*)‘. 
4. Convex hulls of wild compacta in Q 
It is not hard to give an alternative proof of Theorem 1. One can simply show 
that U\K is n-connected step by step. This approach along with the use of a cone 
like that in the proof of Lemma 2 proves the following. 
Theorem 5. Every injinite-dimensional u-compact metrizable convex set that contains 
no Hilbert cube has the compact Z-set property. 
As an application of this fact we show that the convex hull of a wild set in Q 
dramatically increases its dimension (cf., Wong’s construction [13] of a wild Cantor 
set in Q). 
Corollary 3. 7’he convex hull of every wild compact subset K of the Hilbert cube Q 
contains a copy of the Hilbert cube. 
Proof of Corollary 3. We may assume without loss of generality that OE K. Write 
C = conv(K) and suppose C contains no Hilbert cube. The fact that K is wild 
implies that C is infinite-dimensional. Then, for every x E span(C) the set conv( C, x) 
lY Dobrowolski / The compact Z-set property 171 
is a subset of a cone over C with respect to some point of C, hence it also contains 
no Hilbert cube. Pick a dense set {xi>:!, in span (C) n Q. Inductively, each 
conv(C,x,,x,, . . . , x,) contains no Hilbert cube, and by virtue of Theorem 4, K is 
a Z-set in conv( C, xi, x2, . . , x,,). Now, it is not hard to show that K is a Z-set in 
Qo=Qn&, where E, = cl(span( C)). The space E,, is of finite codimension in 
span(Q), otherwise K would be a Z-set in Q. So there are closed linear subspaces 
EOcE,c...cE,, each Ei_i of codimension one in E, such that Q0 c Q, c . . . c 
Q,, = Q, where Qi = Q n E,. Since Qi is homeomorphic to Qi-i x [0, I] for i = 
1,2,. . . , n, K is a Z-set in Q,, provided that it is a Z-set in Qi_,. The last step 
implies that K is a Z-set in Q, and contradiction. q 
Another application of Theorem 5 is 
Corollary 4. Let W be an injinite-dimensional u-compact convex subset of a complete 
metric linear space. If W contains no Hilbert cube and I@ E AR, then w\ W = l2 (i.e., 
W is a deformation boundary set in the sense of Curtis [4]). 
The question of the compact Z-set property of convex sets can be generalized in 
the following way. Let W be an innfinite-dimensional convex subset of a complete 
metric linear space and let WE AR. 
Question. Find conditions for W to be locally homotopy negligible in l% 
In our setting W is locally homotopy negligible if, for each ball U in ii/: U\ W 
is nonempty and homotopically trivial. Clearly, it follows that not only W but also 
%‘\ W is dense in w, and moreover, w\ W is a local AR. Interesting cases arise 
when either W is a-compact or W is Gs (i.e. its complement w\ W is o-compact). 
Then, the local homotopy neglibility of W yields w\ W = 1, or W =I 12, respectively. 
Moreover, if W is a-compact [resp. %‘\ W is cT-compact], then W is locally 
homotopy negligible in w if and only if W [resp. w\ W] is a deformation boundary 
set in W. 
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